A finite element analysis is used to study the elastic-plastic contact of a coated sphere compressed by a rigid flat under the stick contact condition. This was done for a wide range of hard coating material properties and coating thicknesses. A comparison with the slip contact condition is presented in terms of the critical contact parameters (at yield inception) and plasticity evolution. Empirical expressions are provided for critical interferences of the first and second yield inceptions, in the coating and on the substrate side of the interface, respectively.
Introduction
In many engineering applications, mechanical components are in contact and slide relative to each other. Coatings are commonly used in these cases to improve tribological performance, for instance, the enhancement of electrical and thermal conductivity and reduction of friction and wear. These improvements can be seen in a variety of applications, including the automotive [1] , electronics [2] [3] [4] [5] , optical storage disk [6] , and cutting tool industries [7] . Despite the wide usage of coatings in many industries, the selection of coating thickness and mechanical properties is still done mainly by trial and error, which wastes funds and time. Optimization of coating properties for specific applications, based on a scientific theory, is still lacking.
The real surfaces of mechanical components are rough and can be modeled as clusters of asperities.
The interaction between such rough surfaces occurs at the summits of their contacting asperities [8, 9] .
Hence, in order to gain a good understanding of such interactions, it is necessary to first study the contact mechanics of a single asperity. This may then be extended to a contact model for a rough surface with a statistical distribution of asperities. There are two approaches to study the contact mechanics of a single asperity, namely flattening and indentation [10] . Most of the theoretical studies on spherical coated contacts that have been published so far focus on the indentation of coated flat substrates by an uncoated spherical indenter [11] [12] [13] [14] [15] [16] [17] . This approach is mainly used to characterize the mechanical properties of coatings. However, in order to investigate the optimum tribological performance, flattening, rather than indentation, is the better choice. This is because when tangential loading is applied, indentation is associated with high abrasive friction and wear that results from plowing, compared to the mild adhesive friction and wear of flattening.
Historically, the contact of a single uncoated spherical Hertz's study for a homogeneous frictionless spherical contact into the elastic-plastic regime, using a finite element method (FEM). By properly normalizing the contact parameters, simple empirical relations were achieved. Goodman [20] was probably the first to address the elastic spherical contact problem under the stick contact condition, and present an analytical solution. Goodman assumed a Hertzian distribution of contact pressure and introduced a tangential stress distribution over the contact area to account for the stick contact condition. A more accurate analysis of indentation under the stick condition was published by Spence [21] , who numerically solved the shear stresses and pressure distribution over the contact area and calculated the total compressive load. It follows from the results obtained by Spence, that for small values of Poisson's ratio the influence of the shear stresses on the contact area is significant. Brizmer et al. [22] studied, using FEM, the effect of the contact conditions and material properties on the elasticity terminus of a spherical contact under stick and slip contact conditions. It was found that for small values of the Poisson's ratio, the behavior for stick is much different than that for slip, which was attributed in Ref. [22] to the high tangential stresses at the contact interface in the former case. The critical values (at yield inception) of interference and load for the stick condition are lower than the corresponding values for the slip condition, and the location of yield inception is closer to the contact area for the stick condition. At higher values of Poisson's ratio, the tangential stresses under the stick contact condition are lower and the critical values for stick and for slip become comparable. Brizmer et al. [23] extended the study in Ref. [22] into the elastic-plastic regime. The results, presented in Refs. [19, 23] , were experimentally verified by Overcharenko et al. [24] . Goltsberg et al. [25] investigated the plastic yield inception of a coated sphere pressed by a rigid flat under the slip contact condition. An optimum value of the coating thickness for the best resistance to the onset of plasticity was found, and a potential weakening effect at very small coating thicknesses was detected. Similar behavior was found for indentation of a coated flat by a rigid sphere in Ref. [26] . The existence of the weakening effect was experimentally verified by Huang et al. [27] . This weakening effect was extensively studied and characterized in Ref. [28] . Further studies by Goltsberg and Etsion [29, 30] provided universal relations for various contact parameters in the elastic regime of a coated spherical contact. Sun et al. [31] used FEM to analyze the plastic deformation of a coated spherical contact for the indentation approach. They presented results for relatively thin coatings, where yielding first occurred on the substrate side of the substrate/coating interface followed by a second yielding on the coating side of the interface at higher indentation depth. In Refs. [32, 33] , it was found for some specific cases of indentation that the first yield inception occurred within the coating. In these cases, increasing the indentation depth beyond the first yield caused a second yield inception on the substrate side of the interface. All these studies [31−33] examined a limited number of mechanical and geometrical properties of the coating and the substrate materials. Chen et al. [34] investigated the elastic-plastic contact of a coated sphere compressed by a rigid flat under the slip contact condition. This was done for relatively thick coating thicknesses, where the first onset of plasticity occurred in the coating and the second on the substrate side of the interface. Empirical expressions were provided for the critical interferences of the first and second yield inceptions as functions of the coating thickness and material properties. It was shown that a combination of a thick coating and small moduli ratio E co /E su is beneficial for protecting against substrate yielding.
As can be seen from the above literature review, the flattening of a coated spherical contact has been modeled so far only under the slip contact condition. Hence, the main goal of the present study is to investigate the coated spherical contact under the stick contact condition for a wide range of coating and substrate material properties. The stick contact condition is necessary to study the combined, normal, and tangential loading, which is essential for future research on the effect that coating properties have on friction and wear. Figure 1 schematically presents a coated sphere system before loading ( Fig. 1(a) ) and, in contact, after loading ( Fig. 1 (b) ) by a rigid flat. It consists of a solid spherical substrate of radius R, which is covered by a coating layer of thickness t. The application of a load, P, results in a corresponding interference, , of the rigid flat, and the formation of a contact area with radius a, owing to the deformation of the coated sphere. When the coating material is identical to the substrate material, Fig. 1 merely describes a homogeneous uncoated case.
Theoretical background
Brief descriptions of a homogeneous spherical contact model under the stick contact condition and a coated sphere under the slip contact condition are provided in the following sections.
Yield inception of a homogeneous sphere under the stick contact condition [22]
The critical interference δ c and critical load L c at yield inception under the stick contact condition were given It was found that for ductile materials (0.2< <0.5), the yield inception always occurs at a single point on the axis of symmetry. As can be seen in Fig. 2 , for small values of  , the critical interference and the critical load in the stick contact condition are considerably smaller than their corresponding parameters in the slip contact condition. This is because of high tangential stresses at the contact interface under stick. For increasing values of the Poisson's ratio, the tangential stresses, under the stick contact condition, decrease and the critical parameters become comparable to those in slip. load, L c /P c , for yield inception of ductile materials in full stick over perfect slip [22] .
Coated sphere under the slip contact condition [25, 34]
Figure 3, taken from Ref. [25] , presents the dimensionless critical load P c /P c_co of a coated sphere as a function of the dimensionless coating thickness t/R, for different P c_co /P c_su ratios. P c_co and P c_su are the critical loads at yield inception for a homogeneous sphere made of the coating and substrate materials, respectively [25] . As can be seen, the highest resistance to the onset of plasticity for each curve is associated with a certain value of the dimensionless coating thickness. This coating thickness depends on material properties, and it was given in Ref. [25] in the form 0.536
where 
It should be noted here that both Eqs. (5) and (7) were obtained for a relatively small range of E co /E su values, between 1 and 4.5. It was found that for very thin coatings, where t/R is much smaller than (t/R) p , yielding initiates within the substrate (location 1 in Fig. 4 ). When t/R is higher, but still lower than (t/R) p , yield inception occurs on the substrate side of the interface (location 2 in Fig. 4 ). When t/R is higher than (t/R) p , the yield inception occurs slightly below the contact area within the coating (location 3 in Fig. 4) . Although the analysis in Ref. [25] was performed mainly for = 0.32, it was indicated that for a coated sphere under the slip contact condition, the effect of varying the Poisson's ratio is negligible (less than 10%).
Chen et al. [34] showed that for t/R>(t/R) p , as the interference increases above that corresponding to the first yield in the coating,  c1 , a second yield occurs in the substrate at a second critical interference,  c2 . The empirical expressions for these two critical interferences were given in Ref. [34] as follows: 
3 The finite element model
The commercial FE package ANSYS 14.0 was used to solve the contact problem using an axisymmetric 2D model, as presented in Fig. 5 . The nodes on the bottom Fig. 4 Typical locations of yield inception in a coated sphere compressed by a rigid flat [25] . of the system were constrained in both the axial and radial direction. To simulate the rigidity of the flat, its Young's modulus was chosen to be seven orders of magnitude higher than that of the coating and the substrate. An eight-node axisymmetric quadrilateral solid element (PLANE183) was used for the coating, substrate, and flat. A three-node contact element (CONTA175) was used on the outer surface of the coating, and a target element (TARGE169) was used at the bottom of the rigid flat. The mesh of the coated sphere was divided into two different mesh density zones (see Fig. 5 ). Zone 1, with a uniform fine density mesh, contains the part of the coated system where plasticity evolves in both the coating and the substrate. In this zone, the typical length of the elements for any radius R was in the order of 0.001R. The width of zone 1 was chosen to be 15 times the width of the contact radius for the case of the Hertz solution. Zone 2 had a gradually coarser mesh with increasing distance from zone 1. The total number of nodes in zones 1 and 2 was about 50,000.
The following main assumptions are adopted for the model [34] :
1. The coating is perfectly bonded to the substrate. 2. The coating and substrate materials are homogenous.
3. The coating and substrate are free of residual stresses.
4. The Poisson's ratio for the coating and substrate materials are constant and equal, i.e.,  co =  su = 0.32.
The only different assumption compared to that in Ref. [34] is that a stick contact condition prevails between the coating and the rigid flat.
The substrate and coating materials were defined as elastic-plastic with linear isotropic hardening and a tangent modulus of 2% of their respective Young's modulus, similarly to the definition in Ref. [34] . This hardening enables to compare the results of this paper to those published for the slip contact condition in Ref. [34] . As was stated in Ref. [23] , 2% isotropic hardening is the upper limit of many practical materials; it improves convergence, compared to an elastic perfectly plastic material model, with a small effect on the results (of less than 2.5%).
The input parameter for the analysis was the displacement of the rigid flat in the axial direction, and all the corresponding results were obtained as output.
The convergence was tested by refining the mesh size until further refinement had negligible effect on the results. The accuracy of the finite element model was tested by comparison with the Hertz solution [18] for a homogenous sphere (identical coating and substrate materials) under the slip contact condition. The difference in the results was less than 1%.
Results and discussion
The following typical input parameters were used for the numerical simulations: the radius of the spherical substrate varied in the range 2 ≤ R ≤ 12 mm and the dimensionless coating thickness t/R was varied in the range 0.002 ≤ t/R ≤ 0.05. The Young's moduli of the substrate and the coating materials varied in the range 200 ≤ E su ≤ 600 GPa and 400 ≤ E co ≤ 2,000 GPa. The yield stresses of the substrate and the coating materials varied in the range 140 ≤ Y su ≤ 1000 MPa and 285 ≤ Y co ≤ 3,300 MPa. The Poisson's ratios  of the substrate and the coating were maintained equal and varied in the range 0.2< <0.45. This was done to cover a wide range of mechanical properties ratios, as follows: 2 ≤ E co /E su ≤ 10, which defines the mismatch between the coating and the substrate Young's modulus; 0.0007 ≤ Y su /E su ≤ 0.0017, which defines the substrate yield strain  y_su ; and 0.0007 ≤ Y co /E co ≤ 0.0017, which defines the coating yield strain y_co .
In the following sections, the results obtained under the stick contact condition are discussed in comparison with the case of the slip contact condition, indicated as "slip" in all the figures. Figure 6 presents the typical results for the dimensionless critical load L c /P c_co versus the dimensionless coating thickness, for various values of the Poisson's ratio. The case indicated as "slip" presents the critical load P c /P c_co under the slip contact condition [25] . As can be seen, the general behavior under both stick and slip is similar, showing a maximum resistance to yield inception at a certain peak dimensionless thickness (t/R) p . It was found that under stick, like under slip, for coating thicknesses below (t/R) p , the first yield inception always occurs in the substrate. As can be seen in Fig. 6 , the effect of  on L c for such thicknesses is negligible. However, the peak values of L c /P c_co and their corresponding (t/R) p increase with increasing Poisson's ratios. Also, for t/R ≥ (t/R) p , where yield inception occurs in the coating, the critical load L c /P c_co at any given t/R is higher for a larger Poisson's ratio. A similar behavior was also shown in Ref. [22] for a homogeneous sphere under the stick contact condition, where a larger Poisson's ratio results in lower tangential stresses in the contact area and a lower equivalent von Mises stress. For large coating thicknesses, the critical load approaches asymptotically the critical load in the case of a homogenous sphere made of the coating material. This case was analyzed in Ref. [22] , and indeed Eq. (2) exactly fits the results shown in Fig. 6 for large t/R values (see also L c /P c in Fig. 2) . . It should be noted here that this intersection occurs at t/R>(t/R) p for the stick case but at t/R<(t/R) p for the slip case. Hence, according to Ref. [25] , the location of yield inception for the slip case is within the substrate. In Fig. 7 , the results are presented against the dimensionless distance z/t, measured along the axis of symmetry from the center of the contact area. The coating/substrate interface is located at z/t = 1, and the normalization of  eq is done using the corresponding yield stress of the relevant material. As can be seen from the figure that the difference between the two contact conditions is apparent only close to the contact area, where the stress level under the stick contact condition is much higher than that under the slip contact condition. For the slip case, the yield inception ( eq /Y = 1) occurs at the substrate side of the interface, while for the stick case it occurs within the coating, slightly below the contact area. region increases with decreasing Poisson's ratio, and at the same time its peak value occurs closer to the contact area, similar to the findings for a homogeneous sphere [22] . A higher peak value of  eq /Y at a given interference indicates a smaller resistance to yield inception. This explains the increase in peak values of L c /P c_co with increasing Poisson's ratios, shown in Fig. 6 . By curve fitting the numerical results of (t/R) p_st as a function of  y_su ,  y_co , E co /E su , and Poisson's ratio over the entire range of the input parameters, the following empirical relation was obtained: 
Yield inception
The (R 2 ) goodness-of-fit for Eq. (13) was higher than 0.98. A comparison between Eq. (13) under the stick contact condition and Eq. (7) under the slip contact condition shows similarity in the structure, except for the dependence on Poisson's ratio under the stick contact condition.
Further investigation of the elastic-plastic regime under the stick contact condition was limited to dimensionless thicknesses t /R>(t/R) p_st in order to ensure that the first yield inception will occur within the coating. This excludes unfavorable instances of possible failure owing to coating delamination or the weakening effect caused by yield inception at the coating/substrate interface or within the substrate. 
The (R 2 ) goodness-of-fit for Eq. (14) was higher than 0.93. The first bracket of the equation presents the equation dependence of Poisson's ratio, while the second bracket presents the equation dependence of the geometrical and other material properties. In the first set of brackets, the dependence on the Poisson's ratio is identical to that for a homogeneous sphere (E co /E su = 1) under the stick contact condition (Eq. (1)). In the second set of brackets, it can be seen that when selecting the mechanical properties of a homogeneous sphere, the expression degenerates to 1 and Eq. (1) is obtained. Likewise, for large t/R, where the coated sphere behaves like a homogeneous sphere made from the coating material, the second set of brackets also degenerates to 1, and Eq. (1) is obtained again.
Eq. (14) is independent of  y_su . This is because the substrate is still elastic in this regime and the only parameter influencing the substrate is E su .
When the interference increases above that corresponding to the first yield in the coating, c1  , a second yield inception occurs in the substrate at a second critical interference δ c2 (similar to the behavior under the slip contact condition [34] ). The empirical expressions obtained from the best fit of the numerical results for the interference, contact load, and contact area at the second yield inception are as follows: 
The (R 2 ) goodness-of-fit for Eqs. (15), (16) , and (17) was higher than 0.97, 0.95, and 0.99, respectively. As can be seen from the equations, the second critical parameters are independent of the Poisson's ratio (had less than 5% influence for the entire range of the Poison's ratios), and for a homogeneous sphere (E co /E su = 1) a second yield inception is unattainable (second yield parameters approach infinity). Simulations that were conducted under the slip contact condition, for the same mechanical parameters, showed very similar results for the second critical parameters. Hence, it can be concluded that for the entire range of input parameters in this study the effect of the contact condition on the second critical parameters is negligible.
Plasticity evolution
To better understand why the stick contact condition only affects the first yield inception in the coating and has a negligible effect on the second yield inception in the substrate, the plasticity boundaries under stick were compared to those under the slip contact condition for several special interferences, which are described in Ref. [34] . These special cases are: (1) the elastic core in the coating under the contact area completely disappears and a second yielding occurs on the substrate side of the interface; (2) reappearance of the elastic core under the contact area owing to increased plasticity in the substrate; (3) first appearance of a second elastic core in the coating; and (4) merging of the first and second elastic cores in the coating.
Figures 9 and 10 present the evolution of the plastic zones for a thick coating t/R = 0.05 and two extreme cases of low and high mismatch of the coating and substrate moduli of elasticity, respectively. Each figure presents equal dimensional interferences in slip and stick, = . However, the dimensionless interferences / c1 and / c1 are different because  c1 ≠  c1 (see Eqs. (8) and (14)). The solid and dashed lines in these figures represent the plastic boundaries for the stick and slip contact conditions, respectively. Hence, the zones within these boundaries are plastically deformed, while those outside are still elastic. As the finite element is axisymmetric, only half of the model is shown, and both axes are normalized using the coating thickness.
In both cases, the Poisson's ratio is = 0.32. Figures 9(a) and 9(b) present the two special cases (1) and (2) above, respectively. In Fig. 9(a) , the plastic zones in the coating at / c1 = 44 and / c1 = 47 are almost identical for stick and slip. However, the evolution history (not shown in the figure) is very different. For slip, an elastic core was present under the contact area for lower interference, which vanished at / c1 = 44. This elastic core did not appear in stick. Moreover, as shown in Fig. 9(a) , the second yield inception in the substrate occurs simultaneously at / c1 = 44 and / c1 = 47 for slip and stick, respectively. In Fig. 9(b) , at/ c1 = 148 in slip and / c1 = 157 in stick, the plastic zones in the coating and substrate for slip and stick also look similar. The main difference between the two cases is, once again, the elastic core in the coating under the contact area. In slip, this elastic core, which vanished at / c1 = 44, reappears under the entire contact area at / c1 = 148. In stick, at / c1 = 157, the elastic core just appears for the first time. Figures 10(a) and 10(b) present, respectively, the two other special cases, (3) and (4), indicated above. Here again, the plastic zones in the substrate are almost identical for slip and stick and the main difference is in the elastic cores within the coating. In Fig. 10(a) , at / c1 = 88 and / c1 = 90, a second elastic core in the coating appears only in slip, and the first elastic core in stick is smaller than that in slip. In Fig. 10(b) , at / c1 = 156 and / c1 = 160, the two elastic cores in slip have merged while these in stick are still separated. A similar behavior to that shown in Figs. 9 and 10 was also observed when comparing the conditions of slip and stick for the case of thinner coating with t/R = 0.016.
As can be seen, the contact condition has a significant effect on the plasticity evolution mainly within the coating close to the contact interface. The main difference that was observed is the behavior of the elastic cores for both contact conditions. This difference may be attributed to the additional tangential stresses at the contact area in stick. (15)). As can be seen, different moduli ratios or coating thicknesses result in different load-interference and area-interference curves. In Fig. 11 , it can be seen that at any given interference, increasing the moduli ratio or the coating thickness increases the contact load. Figure 12 shows that the contact area is almost linearly related to the interference. At any given interference, increasing the moduli ratio or decreasing the coating thickness decreases the contact area. This is similar to the results shown in Refs. [29, 30] for the slip contact condition in the elastic regime [29] . For large interferences (>  c1 ), varying the Poisson's ratio in the range 0.25 < < 0.45 had negligible effect (less than 8%) on the results of the contact load and contact area. Normalizing the numerical results of the contact load, L, contact area, A st , and the interference,  by their corresponding numerical second critical values L c2 , A c2_st , and  c2 , consolidated the different curves (various coating thicknesses t/R and various E co /E su ratios) in Figs. 11 and 12 into single curves, as can be seen in Fig. 13 . The empirical relations for the dimensionless numerical 
Contact load and contact area
The (R 2 ) goodness-of-fit for Eqs. (19) and (20) was better than 0.99. Simulations under the slip contact condition showed very similar results, indicating that the effect of contact condition on the contact parameters in the investigated elastic-plastic regime is negligible.
Conclusion
FEM was used to investigate the elastic-plastic contact of a coated sphere with a hard coating, compressed by a rigid flat under the stick contact condition. The effect of mechanical and geometrical properties on the contact parameters such as interference, load, and contact area was studied and compared with the corresponding results under the slip contact condition.
It was found that the general behavior of the onset of plasticity under stick and slip is similar, showing a maximum resistance to yield inception at a certain peak dimensionless thickness (t/R) p . The effect of the contact condition on the dimensionless contact parameters in the elastic-plastic regime, up to the second critical interference  c2 , is negligible except for the first critical interference  c1 for coating thicknesses above (t/R) p , when the first yield inception occurs within the coating slightly below the contact area. This is due to the additional tangential stresses at the contact area in stick.
The plasticity evolution under stick was studied and compared with that under the slip contact condition. The effect of the contact condition on the plastic zone boundaries is negligible, except for the evolution of elastic cores within the coating. This, too, may be attributed to the additional tangential stresses at the contact area in stick, which affect the stress level only within the coating close to the contact area.
The main purpose of studying the coated spherical contact under the stick condition is the ability to add a tangential loading, which cannot be supported under slip. Hence, this study is the first step towards developing a coated spherical contact under combined normal and tangential loading, which can be helpful in future research, to model the effect of coating properties on friction and wear. Substantial work is still needed in the future to consider additional parameters, and remove some of the simplified assumptions in the present analysis.
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